Chapter 4.5: Indeterminate Forms and L'Hopital's
Rule
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L'Hopital's Rule

Let f and g be continuous.

Problem:
flx) 0 o0
li =—or —
xX—a g(X) 0 (0]
Solution:
f '
i A2 (i, 16
x~ag(x) x=ag'(x)
Example:
im 3x — sin(x) _ lim 3 — cos(x) _>
x—0 X x—0 1

/

Note: ,(i) is NOT ‘i;&; No quotient rule needed.




Examples

. l—cos(x)u . sin(x) 0
> I —_— _— = - =
x[)nO X + X2 x—01 4+ 2x 1 0
i 1
Note lim "0 H i €50 _ L yrongr
x—0 1+ 2x x—0 2 2
H 2 2 .2
> Iim sin(t )2 m cos(t?) - 2t _o
t—0 t t—0 1
. cos(@)—1wn . —sin(0) w . —cos(h)
elino @@ —9—1 600 e —1 600 eb
2 2 2
im =2 jim 8 jim = —0
x—00 @X  x—o0 eX x—o0 eX
> lim xsin(1/x)
X—» 00
in(1 1 (—1/x?
= i S 2 iy SR — i o) = os0) =1
> |im 1 — L = lim Sir,](x) — ,X = lim L‘(},{) .
x=0x  sin(x)  x—0xsin(x)  xsin(x)  x=0 xsin(x)
—1 —si
fim — S =L H sin() ____0_
x—0sin(x) + xcos(x)  x—0 cos(x) + cos(x) — xsin(x) 2

45



45

Indeterminate Powers
How to deal with limits looking like 1°°, 0%, or oc%?
Example: lim x*

x—0

We use L = IimOXX. First we take In of both sides.
X—>

In(L) = In (lim XX> ~ Jim In(x*) = fim xIn(x) = fim ")

x—0 x—0 x—0 x—0 ]_/X
Ao X _
a x||—>0 —1/x2 xlino —x =0
So we got
In(L)=0
[ =

and the final answer is lim x* = 1.
x—0



Examples

L lim(14x)Y*=e
x—0
Set L = lim(1 4 x)¥/*.

In(L) = In ( lim (1 + x)l/x) — lim In ((1 + X)l/x) -
x—0 x—0

lim 22X =1 Hence L = e! = e.

x—0

2. lim xY/* =1

X—> 00

Set L = lim x/* I

In(L) = In ( lim xl/X) = lim |n(x1/X) i X
X—r 00 X— 00 X—r 00 X

lim = =0 Hence L =e% =1.

X—00 X

3. lim (cos(x))l/"2 =e 2=
x—0

In(L) =In (ligﬁo(cos(x))l/xz)
i 07 €0500) - (~sin(x))

x—0 2x x—0 2x x—0

Sl

iLn0 In ((cos(x))l/xz>

|
X
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lim
x—0

)Hl.

= lim
x—0

2

X

. —tan(x) H . —sec?(x) N

In(1+ x)

s
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L'Ho6pital's Trap

Compute the following limit with and without L'Hospital’s rule.

. X+sinx .1+ cosx .
lim ——= |lim ———— = does not exist
X—00 X X—00 1

. .
lim XESNX i X SNX g g
X—>00 X X—00 X X

f f!
Notice that L'Héspitals rule is fim - — lim O i the right-hand side
x—a g(x x—a g (x)

exists!



From an old exam

Compute lim (7 + 4x)ﬁ
X—r00

L= lim (7 + 4x) ™

X—>00

InL=1In lim (x + 4x) 7

X—>00
1

= lim In ((w+4x)ln<x)

X—>00

N——

. In(m + 4x)
= lim ——— —
4
[im mHAx = |lim

x—oo 2 x—oo T 4 4x
X

~ 3818

X

Aim 2 =1
x—o0 4

InL=1

L=et=¢e
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